CHAPTER7

Mathematical Expectatiopg

—-\

7.1 EXPECTATION

Let X be a random variable defined on a probability space (Q, A4, P(s))
the distribution function of X. Then the expectation of the random variable X
is denoted by E(X) and is defined for continuous random variable as

o]

IXf(x)dx Provided 0i)[j‘(x) = |

-0

E(X) = u]‘de(x) =

-0
The expectation is said to exist if and only if,

j |x|dF(x) < %
The range of the inte

gral depends on the range in which the random
variable is defined.

In case, we are interested in finding the expectation of a function of the
random variable X, g(x) (say), then we have

EQE)= | g(x)dF(x)= [ s fx)ax N

provided the expectation exists.

Let X be a discrete random variable, which takes the v.
corresponding probabilities P1r Py
variable X is given by

alues xy, Xy, with
... then the expectation of the random

o) ]
EX) =" xp; provided 3. pj = 1
i=1 i=1

o
and Z |x,'|]9,' < @ is salisfied,
i=1
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Mam Besults Based on Expectatlon
e
25" 4 constant then E(C)=C
i
fi 1f
Wehav !

E(C) = deF(x);c [ fxydx =Cx1=C.

—00 —cn ¢
. 5 constant and X is a random variable then,
2 HCE E(CX) = CE(X)

E(CX) = J' CxdF(x)=C j xd F(x)

—0

We haVef

= CE(X)

jf C and 4 are constants and X is a random variable then,
; E(CX +4) = CE(Q) +4

ECX+a) = | (CX+a)dF(x)

‘\’Vehavet
o0 0
A j xdF(x) + j adF(x)

— 15 deF(x) +a JdF(x) =CE (X) +a.

4 1fX and Y be two random variable and if a, b are two constants then,
E(aX + bY) = aE(X) + bE(Y) N
Let f(x, y) be the joint density of (X, Y).

S0, we have, E(aX + bY) = J J (ax +by) f (x,y)dx dy

- J ( ax f(x, y)+'by f(x,y)dxdy
o fo(x, y)dx dy -+ b J I y f(x, y)dx dy
(=} o0 0 «w©
=4 J. x[ J f(x,y)dy} dx +b J.u{ j iz, }/)d.\}d}/
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=a jxfl(,x)dx+bjjf2

= aE(X) + DE(Y)
Thus, E(@X + bY) = aE(X) + DE(Y)
This result can be extended to a number of variable, i ¢,

E() aXi) = LaEX)

Note : Here we extend the definition of expectation of sjn
two variables, i.e., if f(x, y) is a function involving x and y such

1

g]e Va T
that,

E [9(x, )] = T ]océ(x, y)dF(x, y)
T Tw S G, y)dx dy
provided T T‘gﬁ(x, y)|dF(x, y) < w0 and f{x, y) is the joint pdf of (x y)si
that, T T fx, y)dxdy =1

5.1f X and Y are two random variable and if ¢; (X) and ¢; (Y) are
functions of X and Y respectively, then

E [9;(X) $,(1)] = E[9,(X)] E[¢,(Y)]
provided X and Y are independent.

N s nde wei‘.&’if"-“:
Let f(x, y) be the joint distribution of (X, Y). Now, if X and Y indet
then we have,

fx, ) = S1x) - foly)

Thus,  E[$,(X) §,(Y)] = I J'm (x) o (y) f (x, ) dx AV

=W =00

Tl ) " Jed
[ [ 01009200 AW v

=0 0

il

)1[_'/

il

J [ o (Y
oo s | oo 50
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= Elp, (). g
9, (Y)]
Note : (i) This can be extendeq to any Aumber of ¢
unctions, i.e.,

%)= E[; (X;)] provid
Eu’ld, (X ] H ! Ovided Xis are independent of each other.
(i) In particular, i 0,(X) = X and ¢, (v) = y
We have, g
E(XY) = E(X).E(Y)
6. If g(x) =81(x) + &5(x), then
) Elg®01= Elg,(X)] + E[g,(x)]

provided the expectation exists.

We have, E[g(0] = jg ) dF(x) = [ [31(0) +g,(0]d Fiy)
= [ dFe)+ [ g0 aF

E[g,(X)] + E[g,(X)]
7.1 g,(x) < g,(x) then E[g;(X)] < E[g,(X)] provided the expectation exists.

Now, Elg, (0] = j 20 F@S [ 5200 45
= E[gz(x)]

Thus, Elg, (0] < Elg, (%)

8. |Elg;(X)1] < E[&:(0)]

We have, |Elg,(¥)]] = Igl (x) dF (x 31(\ dF(x)

= E[lg; X ]

1 1
9.E [—) e X is a random variable.
X) = EX)’ where X 1

We have, for any random variable X,
X =E(X )}
X = ]_.(X)|:| (>\)
L X-E(X)
= E(X) [1+ 2] where &= TR,

EX)-EX) _g 2)

Again, E(Z)= —R(X)
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Now, X =EX) [1+ 2]
1 1
o X T B2 |
[1] 1 1 [ 1 } }
Bl |=E & El— |
X E(X)[1+Z] E(X) 1+Z o3 |
|
1 1= gt i |
Now, e —1_Z+1+Z |
1 7 |
almisl e |y g |
s B[] E[ w] |
2= . Z*
=T-B&+B\ T,z |=1+E| T 7 8 |

Replacing (4) in (3), we have

=[x~ i)

Now Z? and 1+ Z both are positive,

72 Z

So, 1+220 = E 1+7 >0
ZZ 3

So,1+E 1+7Z >1
x> %

Thus, E X_ZE(X)

7.3 VARIANCE OF A RANDOM VARIABLE

An important characteristic of a random variable is its variance, which 1‘213
measure of dispersion of the random variable, The variance of a .l'ﬂl_‘:l:of
variable may be defined as the expected value of the square of the deviatk
the random variable from its expected value,

Var (X) = E[X - E(X)]?

, ; ; - X), Wé
In case we are dealing with a function of the random variable, O(N):
have

Var (¢ (X)) = E [p(X) - E((x))]?
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ic8
| o g

_ E[¢? 00+ [EGOO)F /-2600 L4
_ B(62 00) +[E@0O)] ~2E[e00]

- E(¢ () -[E(60O)]

cular if $(X) = X then we have,
var () = ECA) - [ECOT?

ow that variance is always positive,

Var (X) =0

500~ [0 20
o EQP) 2 [EX)P
=3

arti

We kn

14 SOME RESULTS BASED ON VARIANCE

1.1f §(X) be a function of a random variable X, and if a is a constant, then

Varl¢p (X) +a] = Var [¢ (X)]
From the definition of variance we have,

“Varlp () +al = E [ (X) +a—E[p (X) +al)?
= E[¢(X)+a—E[¢(X)]~a]

= E[600—E[$(X)]]
= Var [¢(X)]
2.1f §(X) be a function of random variable X, then for a constant b,
Var [b ¢ (X)] = b2 Var (¢ (X))
Wehave Var [b ¢ (X)] = E [(b ¢ (X)— b E (¢ CON]
= E [B? {$(¥) - E(¢ CDF]
= 2 E[$(X) - E(¢ O))I?
1 = b? Var [¢ (X)]
v;{ ar[a ¢ (X) + b] = a2 Var [¢ (X)]
“have, Var a ¢ (X) + b] = E [(a 6 (0 +b) — E (3 ¢ (X) + )12
=E[@¢ (X)+b-Efad (X)) -0P
=a’E [¢ (X) - E [ X
= a? Var (X) .
ear Combination of random variables,
+ X, be random variables,

4, VariancE of Lin,
tX,, X,

then’ Var 'Z‘ fl , non
75X | = D af Var (X +2 2,2 44 Cov (X, Y)

i=1

i=1 i=1 j=1
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Ory
Let U= alxz + a2X2 + Gk a, X”
E(U) = [ X1 +apXg +..+3, X, |
= E(a] x]) + E(a2 XZ) T e E(Ll" Xn')
=ay E(X)) + 2, E(X)) + ... +a, , E(X)
So, U -E(U) = ay [X E(X )N+ a4y [X - E( 2)] -+a, [X ~ E(X )]
Sq;1ar1ng both sides and taking expectation we have
E [U-EU)P = a2 E[X; —-E(X)] + 3 E[X; ~E(Xp) +.....
+a [X” E(X")]z + 2a1ﬂ2 E[X = E(X )HX _.E( )]
+2a,a, E[X, - - E(X B
X3 - EX)] + ... + 20, ja, E[X, - E(X DX, = E(X, )l
- DB -EOQf 233 aa EDX; — EQOIIX; - EO)]
A
—Za Var(X)+ZZZa,a Cov (X )
i=1j=1
i#]
Note :

(1) Ifa.=1, V then.
Var (X, + X, + .. + X,) = Var (X,) + Var (X)) + ... + Var (X )

n n

+2 ZZ Cov (X, X
i=1j=1
Ii]

(@) I X1, Xy, ..., X, are pairwise independent, then Cov (X, X)) =0Viz].
Thus we have

2 Var (X)
Var {Z i Xf] = 4} Var (X)) + a3 Var (X)) + ... + a2 Var(X,

"
- Z aF Var (x

(i) If a, =1, Ay = landn:z:,l—az,1 c=4,=(

Then, Var (X, X)) = Var (X,) + Vm (X2)+2C0v (X \’2)
(w)Agamlfa]-] a2—~],n SA=w=q0=0

Then, Var (X, - - X,) = Var ( X)iVm(X) 2(ov(>\ X,)

X, X =q =0
() If X, and p are mdependenl and a; = a, = 1 and A=y = =y
hen,

Var (X, = X,) = Var (X,) + Var (X,)
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e
| om 114 If X and Y are independent random variables, then
The")rd ~ar 09 Var (¥) + [EOOI Var () + [EQQT Var (¥)
yar ( ¢, From m the formula for variance we have,
Pf""( _ o0 - [ECOF
AR i B [E(X) EON)I? [* X, Y are independent]
0O E(Y 2) - [E(X))? [E(VT? [ X2 and Y2 are also independent]

,’Ea(xz)—[b"(X)] | ke v2)-[EO) |+ E0)-[ECOT JiECOP
+[E(X)]2[E(Y2) —[E(Y)]Z]

a0 Var (1) + [ECOF? Var (0 + [BOOF Var (0

E FORMULAE RELATED TO CONTINUOUS
PROBABILITY DISTRIBUTIONS

d
g PleX<dl= [ e

(i) The mean Of the random variable H'l ,is given by

[e¢]

pi = E[X] = jxf(x)dx

—0

(i) The rth raw moment is given by
R,
up = EDX] = [ £
—00
() The rth central moment is given by

}lr=E(X—-].l)r"J‘1 }l)f x)dx

00

©) The geometric mean G 18 given by

log G = Ilog x_f(x)d.x‘

-0

ol The harmonic mean, H is given by

[v¢]
3 J.l f(x)dx
H X

—0
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(vii) Mean deviation about n is given by
o

E[|X-nll= IIX~LlIf(x)dx r

(viti) The median m is given by

m

_L flx)dx = T F(x)dx =%

(ix) The lower quartile Q; and the upper quartile Q, is given by
Q &
- 1
j f(x)dx=l and _[ f(x)dx =—
‘ 4 S 4

(x) The mode of a distribution f(x) is obtained from the solution of the
equation

" f'(x) =0 provided f "(x) <0 for the value of x obtained from f'(x) = (.

Ilustration 7.1 : At a party n people put their hats in the center of a
room where the hats are mixed together. Each person than randomly selects
one. We are interested to know the mean and variance of X the number that
select their own hat.

Solution : Let X = X; + X, + ..c.. + X))
where, X; = 1, if the /" person selects his/her own hat.
= 0 otherwise

1
So, Pl =1]=
¢

1

Thus, E[X]=1P[X;=1]+0.P[X;=0] =~

Var (X) = E[X?]-[E(X)]

1
Alsa, E[x;?-] =12, P[X, = 1] + 02 . P[X;= 1] =
R
SIS TS LG S T Y e
Thus, V(X‘,) = L(Xi )—[E(X,)] . ™ [”) P£2
Now, Cov (X, X) = E(X; X) ~ B(X) . E(X) ‘
Now, XX, =1, if the "M and /" person both selects their oWn hats
= (), otherwise,
and thus, E(X;X) = P[X;=1,X; = 1]
=P[X;=1].P[X;=1|X;=1]
1 1 1

— =

" on-1 n(n-1)
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pathema ks
F §
2
Thus, Cov (X, x]_) ) _(l) casin =11 1
11(1‘1—1) n n2 (n-1) s nz(n—l)
s  E9=YE)=Y 1 1
n n
Var (X) = ZVar (x,.)+2z Cov (X;,X;)
i#]
n-1 | g
= n. +2
n? 112(11—1) 2
A n-1 +l ER O
(R TR

[llustration 7.2 : An urn contains a4 white and b black balls, ¢ balls are

drawn out of it without replacement. Determine the mathematical expectation
of the number of white balls drawn.

Solution : Let us define a random variable X; such that,
X, = 1if the i ball is white,

_ 0 if the " ball is black |
ity L A ke B
a il
Now, P[X.=1] = e ,P[X;=0] = o i
a b a
EXil=1- 7% a+b 0'a+bfa+b

The number of r white balls among the ¢ drawn is given by,

ri= X4 + X5+ o + X

So, E[r] = I><11+ED<21+ J+E[X] = aa-fb

Mlustration 7.3 : Suppose 7 balls are drawn one at a time without
replacement, from a bag containing white and m black balls. Find the expected
ber of black balls drawn.

value and the variance of the num
fined m the following manner :

Solution : Let the variable X; be de
X, = 1 if the kth ball is black

— 0 if the kth pail is white
"

m S
PIXe=11= 5! , PIX= 01 = 3

m
b X&
EfX] = m+ TR ¢ [ A] . 2

Var [X;] ..L[X;\]—-lf(h)l = an " (men)?

mi
2
(m+1)

e
==
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A
Now, if j # k then XX, = 1, if the jth and kth balls ¢ hen"’
otherwise XX, = 0. A VN are
s PIXX, = 1] = m(m-1) ]ack.
! N (m+n)(m+n-1)
m(m—1)
Thus, E[X.X,] =
- [ 7] (m+n)(m+n-1)
So, Cov (Xij) =E [XX,] - E[X]-] E[X,]
n m(m—1) m \2
(m+n)(m+n-1) M+n)
= mn
(m+n)2(m+n—1)
E[S]=E[X; + X, + ... + X1
= E[X;] + E[X,] + ..+ E[X ]
T
T m+n
Var[S,]= ) Var(X)+2 Y Cov(X;,Xy)
2k
L i m 1) 2mn
(m+n) (m+n)-(m+n-1)

mnr(m+n-—r)

" (m+n)2(m+n—1)

Ilustration 7.4 : A man with 1 keys wants to open door an.d tries the
f:,‘ keys independently and at random. Find the expectation and varlan’é of the

number of trials (4) if unsuccessful keys are not eliminated from further selection
(b) if they are.

i f ¢ % E ) ¥ |( L
Solution : Suppose the man succeeds to open his door at the ! flh tria
In other words he fails in the ( — 1) trials and succeeds at the rth trial

' 1
(a) Probability of success at the first trial = o

-1 1
Probability of success at the 2nd trial = - &
1\ 1
s n-1_n-1_1_ 1.1..;1—) =
Probability of success at the 3rd (rial = A i I

ccessf“l

; , el 2§ : su
In this case there will be an infinite number of trials as ut
keys are not eliminated. ’

!




Var (X) = E[X2] - E2[X]

2
- 1{1 L2 1+32[” 1) +...}n2
n (! n

|
2|~
VST
'._A
+
o
|
p—
N——~
.
p—
|
=
E\i
—
N A
&b
|
-
[ y*]

1 2n-1
= 5 n3 n2
n n
= 2nPn — 1
= ﬂ(ﬂ = 1)
) Probability of success at the first trial = 2"
. =1
Probabxhty of failure=1- -1— = %‘ .
n
. VR R
Probability of success at the ond trial = 7~ " 1 LR
Probabilit rial = et E’:'% ’—"lﬂ -
ity pf success at the 3rd trial = 77"y 1 -2 1
SO’ prob T ] 1
ability of success at the pth trial = 7

1 netl

LUPI o
-+ ”” 2

Thllb E X) -
7
Var (X) = E(Xz) [E (X)]?

2
_ [12 1 |22 2t

n

1 ne@n el
n 6

ll

n® -1
i

12

i

— —

159
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ton 7.5 : Obtain the rth central moment in termg su

Illustra rvi"'ﬂl
function. i ion is gi
Solution : We know that, th? S by, S(x) o3|
F()- . ® %
r - dx ) xr d F(x)
We havel ‘(‘). 0
o0
i j ¥ d[1-F(x)]
0

= —x[1 —F(x)]]:- + | r2 T 1= F(x)ax

S t— 38

= J'rxr'l S(x)dx
[4]

Hlustration 7.6 : If X is a random variable with mean p and varjang

o?, then show that,

: i}
Fl-m)= —w—rr it x e
)
G

1
R T s e

1t i
o
o
Solution : o :
on: Let Y be a random variable with mean 0 and variance o~
Now let us consider

[0}

J vt - T ragr(y)

n

| G-mdire)

-

]

J‘.]/ f(‘/)dy - J‘r\f(y)du - E(Y) - X

) WEMLAL, AW E S e l”
Now, [ (-2 a(p ’ T

’ (y)] = J. (l/ ""x_) d[F(‘V)] -}-J. (y w.l)d[F(y)}
Lety > 4 L :
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Mamem ak integral is negative and the second integral is positive and
the 1T
0r
155 also V8
LHS we have e
50/ atity = ve quantity ve quantity)
¥ ve qua
Thu /] 1
integra
ELE ond :
[+ 3]
[ (-0 dlF) < [ w-ndrw)
X
-0

s J (y-x)dF(y)  using (1)

NS

2
2< [j (y—x)d F(y)] using (1) (2)

Now, by Cauchy - Schwartz’s inequality,

2
Ty 02 d(F(y))x j(l) d(F(y)) 2 [ fw- x)du:(y)}}

A b ; iy
[y-02 diF)Ix [, 2 | [ (=0 F@)

3 % 3

uw

=2

g(y—x)z HF@) [1-F )] 2| [ (y-dFW)

U

)

J"V-x)z A(F(y))[1-F(x)] > * » [using ()]

U

S, 2
JJ -2 d{F(y)} = ~ﬁ6‘ﬂ

n

U

st arrgy []_;’( =

I (24 .2 b
S

Y ~2x) d T
y) d{F(y)) = [1-FE(x)]

v
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0

T o0 [es] o0 2
JRamwns [P are)-2 [yalEe) > g
s ' ; © x2 I
Jy?'f(y)dyﬂ —2% Jyf(y)dy 2 -F@0] |
5 -0 i
32 |
2 2y ——————— [
T -F) |
1 F(x) > __xz__
i (52+x2 [
x? G2 +x° —x° _ o2 ‘
H 2 o2 +x> ol +x o2 +x°
S F(x) > o’
o T g% +x?
Changing the origin at p we have,
2
Fix-1n)2 ———~
(x—m) PR
1
So, Fx-p)2— S forx=<n
1+ 22
(e)
Similarly, it can be shown that,
F(x —p) < ~—-11— for x < p.
1+

=)
o
Ilustration 7.7 : Let X be a random variable with Pdf

f(x)=C(1-x%,0<x<1
Then find

W
-

1 f‘}
(i) C (i) E(X) (ifi) Median of X~ (i) P {E <N<y

Solution : (7) Since f(x) is a pdf so we have,

1 1
ff(x)dx =1 =N jcm—xz)dx =1
0 0

_ 31
X
C\‘x——} =1

0
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C[1-1]=1
2 3
2
, C-g:l :ng
B
Thus, f(x)—-a(lhl) 0<icq
1
EX)= | x
(i) f(x)dx = [, 3
b[ !;xz(l*xz)dx
. 3 p 3 3 2 4 1
—E'l-[x_x ]dx:- E___x_
0 212 4
0
=§|:1_1:I__§x2—1 3
212 4 R :g

(iif) Let m be the median of the distribution.

m m

So, Jf(x)dx =% Ly J‘%
0 0

m 3m1
3| (1-xdx =1=[x-2| ==
[t et

=
0
3
5 B L
3 -3
o 3m—m3 =
o md—3m+1=0

Since the equation cannot be solved directly so we can use any meth‘od
" numerica] analysis and find an approximate root of the equation lying
Yiwieen [0, 1]. We find m = 0.34375 (approx)-
3/4
(IU) P[1<X<§J = J'f(X)dx
2 4 172
3/4
& f 3 (1-x?)dx
Z
1/2
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Gl Tl
T 214 64 2 24

3
= [0.75 - 0.1406 - 0.5 + 0.0417)

=0.22665
Illustration 7.8 : If the possible values of a variate X are ( 1,2,
then # ke 28,

EX)= Y P(X>n),n=0,1,2, ...

Solution : We assume that the series »" P(X >n) is convergen,

Here we have, E(X) = Zn~Pn [X=n]
n=0
Now, using P[X = k] = p,, we observe that,
P[X > 0]=P[X=1]+PIX=2] +.....

=p;+ Pyt Pyt e
P[X>1]=P[X=2] +P[X=3] + ...
= Pt Py o s
P[X>2]=P[X=3] +P[X=4] + ...
= Py + Py Foons

Adding all these terms, we have,
S PIX>n] = P[X > 0] + P[X > 1] + PIX>2] o
= py + 2Py + 3Py + 4py Hee

1l

[¢]
2. 1Py =E[X]
n=0

S0, E[X] = ZP[‘X > 11 .
7 ttl Lk
Hlustration 7,9 : With the help of an example show tha
E(X).E(Y) even though X and Y are not indepencent.
Solution : Lel us consider a case where Y is de
X2,
Also, X follows the density function,

f(x)zi-;-'ls,rsl

i
pendent o1 N




1

E(Y) = E(X) = j 2 (x)dx = J.—dr

50 &

1l
‘———.]—-A
MIR(»

=

=

I
N | =

Py =
| R
DI A |
o

E(XY)
50, 2 >
111
=92l4 47
1 1 [ 2 1
500 =L gax==|2-| =0
and (X) zjldl 2[2}
i -1
Thus, E(XY) =

1
E(X) E(Y) = 5-x 0=0
S, E(XY) = EQ)E(Y)
But Y =X2 implying Y is dependent on X.
llustration 7.10 : Calculate the expectation ©

)= ——,

Ozgx<l

(b)f(x)=%x2€—x,0<x<oo

(C)f(X):l_ I]-_X|,0Sx_§2

(ﬂ')f(x) o (n+m—1)! x”,l (1 2 x)m—l’ 0<x <l
(n-1)! (m—-1)!

S()l :

Ution : () Given f(x) = ——’—2-\1[— ; 0<x<1
X

1

0= [ x5

0

165 s!‘

f the following functions.
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166

(b) Given f{x) = % x2 e

Il
Q| =

O<x<w

|
| —
1
=
[
ml
=
|
(%]
=
8]
== -+l
| m[
Lol
L
=N
=
8

Il

N | =
T |

Il
N | =
ok
=
(5]
3]
Ead
W
=
[
1]
=
4
(&
P 1
=
l |
=
|
L |
= | e
=,
=

= 3.

Nloy N~ =

(c)Givenflx) =1-|1-x| =0<x<2

E(X) =

xf (x)dx

I
DN Do

1

- j X (ll~(x-1)) dx -i’J. X (
'| .

0

(-0

2 .
) - L 1 x ”d.\
x . [1-|1-x[dx = fn-[l |1
0




)
x+fx(2“x)dx =1
1

0
et i A0 0exa
B _[ i 1 (1 = gy gy
Llfi—ml—l B (n+1,m)
_ Insm=1 Tn+1lm

Mlustration 7.11 : Let the p.m.f. of a variate X be

P(X=mn)=

B [n-1 |m-—1'|n+m+1

E [n+m—1 |nm-1
T ln=1lm=1 |n+m

n

—_—

n—+m

given by,

6
22:”—1 e

Does E(X) exist? Explain
Solution : Given that the p.m.f. is

P(X =n) =

E(X) =

Il

6
2n?’

Z x.p(x)
Z (x =n).P(x=1)
x=n

n=1,-2,3—4
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I

[3®]
)

e
N

= E(X) exists
Ilustration 7.12 : Let variate X have the distribution
P(X:__O):P(X:Z)—_-p; ’

PX=1)=1-2p, for0< ps%

For what p is the Var (X) a maximum?
Solution : Here the random variables X has the
distribution — :
) A 0 1 2
P(r) p 15 )
EX)=D x.p(x)=0xp+1x (1-2p) +2p =1

¥

ECXZ):Z x2p(x):()2xp+12x(1—2p)+22.p

fOHOWII]g prgbab!!m

=1+2p

V(X) = E(X?) - {E(X))?
=1+2p-1
= 2p

. 1 I
Here maximum value of p is 5 therefore V(X) is maximum atp =3

1
max {V(X)} = 2 x 5

=1

Iustration 7.13 : A pack of cards, 1 in number are numbered
and put into a random order such that each of the arrangements have c\}:‘:*
Pr_obgbi]ities. A random variable X is defined such that, X; = 1if the“h';u\‘t
'S In 1ts natural position otherwise it is zero, Compute E(X}), Var (X o !
(X, Xp): Also if X = X| + s+ X, denote the number of matches e
that E(X) = 1 and Var (X) =1, "

Solution : We have,

\1

1
Xi = 1if the kth card is in the kth position, with probability’’,’
=1
. =t
=0if the kth card is in any other position with probability =y
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444 J U

U

(/) Find the expectation of X

(if) Find the median of X

(iii) Find the mode of X.

Solution : We have, for the p.d.f f(x) as,

flx) = H% F(x)

d [1—cosx:|
= dx 2

I
| pr——
o
|
M|
|
E.
=
o
—

sinx
{ ’ 0Sx<'n

0, otherwise

t sinx
E(X) = j X dax
0

= % Lx jsin xdx— J.{Ed; % Isin X dx}dx]:

— sin 0]

E T
_ 2[x(-cosx)- 11X(—cosx)dx]0
2L
=% [—nc051t+s'mn+0
iy
=5
M 1
Again, [ Fodx =5
M sinx iy l
-[0 > dx = >
1 M 7
5 -[0 sinxdx = -]2-
—cosx]f;’I sl
—cos M + cos () = 1
~cos M =10
CQSM:D:COSR/Z
M = 7'{/2
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. The median of the distribution is at /2

i I is the modal value, then we have
f =0

f (x) < 0, p10v1ded x lies in [g, b]

(

Tl 15, we have, frx) =

d [ sinx
e =0
dx( 2 )

1
Ecosx:()
cos =10
x=mn/2
f'(x)<0

Also,
We have, —— [ flx )]

d (cosx) i
dx 2

1 Foirigt
5 (-sin x)

" which is less than zero at x = /2

. Modal value of the distribution is at n/2.
I]lustratlon 7.15 : The distribution function of a variate X is as follows :

Fix)=0ifx<0

=§— ity <2
2
.18 if2<x<4
16 ‘
= ifx >4
Find E(X) and Var (X).
d
Solution : The p.d.f, f{ix) = -~ F(x)
f(x) —Olfx<0

ifosx<2

—
_

=

1
8
X of2gx<éd
8
= if x24

ve]

B = | %/ () &

-0
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1. .4 1(64 8)
= —Xx—+— | ——=
8. 2. 8459 B
=l+i><56
4 24
17
= —+=
43
_3t
T 12 '
o :
E(X?) = sz. F(x) dx |
—w

4 ‘ ‘:
|

2
= !ﬁ.%dx +£x2.§ dx

iAo
TBl3 . 8’| 4

1 1
= o X8+ (25
i (256 — 16)

e SOn T 240_1 1_47
3 33 " 39 -6

Now, V(X) = E(X?) - E3(X)

47 (31)
) ?"[E)
_ 167
T 144
Nlustration 7.16 : A jar has n chips numbered 1, 2, .

draws a chip, returns it, draws another, returns it and so on, un )
drawn that has been drawn before. Let X be the number of dnawmb

E(X).
Solution : Here let us define D, as the rth draw. Now X, the 1
drawings, as defined in the queslion will be greater than one, Ly

PX>1)=1
P(X > 2) = P [Distinct numbers on D, and D]

4

2

oA pers!
til a Ch‘Pl

umbt-l :
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_nn-1 1

—_———— —
. = —_—

n n n
(>3] = P[Distinct numbers on D;, D, and D,

" n n-1 :
= —x*"xn*——z{l—-l-) 1-2
h n n n ”

| 2 k=1
o < 1__)(1__)m e B
P(X > k) ( ” . 1 = k=1,2,3, ..

PIX=k] =P[X>k-1]-P[X =]

(HBH )

NEACRANALE Y PN S
X T

For non-negative integer valued variates,

EX)= Y, P(X>k)
k=0

=P(X>0)+P(X>1)+P(X>2)+...

aors (DD H )

[vs]

Mlustration 7.17 : Show that, E(X) = j[l—F(x)]dx.
0
Solution ; We have,

E(X) = j x f(x)dx =j xd F(x)
0 0

-

] D
_ Lim jxd F(x)

e

n
Now, ‘[ F(x)dx
0

xd F(x) = xF(x)|g -

o —=

] )
= () -«Jlra'(x)dx b
0
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x)] dx

M
== M-FO) + [
0

) |

1 Q
Now, Lim n[1-F(n)]= Lim n |d[F(x)] < 1
bty e il v 6[ il syl .[xF’F(x) <0
n
Lim n[1-Fn)] <0
n—w
Now,n=0and [1- F(n)] >0
So, n[1-Fm)]=0
Lim n[1-F(n)] > 0
N—o

So, comparing (3) and (4), we have
Lt n[1-FMn)]=0

n—>co

So, using (1), (2) and (3), we have

n )
E(X)= Lim | [1-F(x)]dx = J' [1-F(x)]dx
n—w : 2

IMlustration 7.18 : Show that

E(X):J. [1-F(x)+ F(~x)]dx
0

0 2 T LY
o0 ) ) \ ,( (-‘].L
Solution : E(X) = J x f(x)dx = J x f(x)dx +[[ :
- N
—c0
=1 +1,

1)

Now, [ 2 f(x)dx = J' [1-F ()]dx =1,
0 0

0 0

Also, I = I x f(x)dx = _[ xdF(x)
!l e
Let, X=~z
dx = - dz

When, X=-w, Z='w




g 175
| aﬁca | EX p@ctatlon |
: ],lamem x = 0, z=0
., : -

(= [ P2 = | 24P

1 - 0

o FED +j F(-z)dz = j F(-z)dz =j F(-x)dx ..(3)
0 0 0

ing (@ and G 1 (1), we have,
pu

E(X) = I [1-F(x)]dx +£ F(-x)dx

= j [1-F(x)+F(-x)]dx

[lustration 7.19 = If X is a non-negative integer valued variate, prove

that
o 0]

> kP[X>k] = % [E(X?) — E(X)]

[ce)

Solution : ikP[X>k] Zk Z P(X=7)
k=0 k=1 j=k+1
- > P(X= ;)Zk
]>1 k=
:i% i(j—1)P(X = j)
JZ

]

23 pox= A= 3 Po¢= ]
1

s [E(x2) E(X)]

Usty
Ela“ cle Oat;o:; 7.20 : Concentric c1rc1e5 of radius 1 and 3 cm are drawn
e fhe o, 201US 5 cm. A man receives 10, 5 or 3 points if he hits the target
iy €r circle, inside the middle annular region or inside the outer

100 1
Td thep e ectively. Suppose the man hits the target with pmbabmty by
pﬁcted

just
Nl 3s likely to hit one point of the target as the other. Find the
of points he scores each time he fires.
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ariable repy : o
Solution : L'e_t A be azandom v Presenting the Oingg th
man obtains on firing. N
1 areafor 10 pointg _1r12 1
s it b 2 area of the target _2";'75‘5*-35

1 areafor 5 points Lo,
P[X=5]= 2 area of the target -~ 2 .

2
1 areafor 3 points 2k m.5% —721.3 _I
SAEele 2 area of the target 2 7.5 30

1
P[X=0]=E

98 ’
1 8 E 0-.1— =— =196
ThU.S, : E[X] = 1Oga+5§'0—+350 + 2 50 e
e out o
Hluzstration 7.21 : In 2 lottery m tickets are drawnsatf?112?11:!“1"‘”‘?
tickets numbered from 1 to n. Find the variance of the sum S of t
the tickets drawn,

; ; ing the
Solution ; Let X1, Xy vy X, be the variables representing
first, second, ..., nth tickefs, Therefore,

]

| NI 1 n+l
X = —+2 =+t h—=—
EIXil nooon no2

numbest

In a similar way we find,

12422, 4n® _(nth@ntl
G

o] L

2
n -

‘ |
V) = E[X?] - [ppx 2 = o

Thues, =
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s
| a8 pxpectali©
|yt : e[ ekl [ nAl
Cov [X; Xj = E| A== || A==
NOWI
Z i} E(X-—”+1 2__11+1
¥ n(n-1) S SRR
V(E) =V (X; + .. +X.)
ThuSr m
= ) Var(X;))+2Y Cov(X;,X;)
i=1 I£]
B
:m.n +1+m(m—1)(—”+1)
12 12

n
fration 7.22 : A box contains 2" tickets among which ( r) bear

[llus

- ooumber 7, 7 =0,1,2, .y 11). A group of m tickets is drawn at random from
| ﬁsﬁox and if the random variable X denotes the sum of the numbers on the

 ickets drawn, show that

mn mn m-1
= —: i Tres
E(X) 5 Var(X) 1 [ onE 1}

Solution : Let X; be the random variable denoting the number on the i
' ficket drawn on the ith occassion,

H
Then, X = X;
} f=1
*} LR
| Bak Eres s Pl P
| (X) = f:Zo A

]

K 2

n)_”ﬁ

1)} g CFF -G

SR e ]') i t=0 ane (2?7!‘ l)
| i Zi [n n
NOW, COV ( X 4 4(2” = 1)

v %) = EIX; X ] - E(X)E(X)
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q n a

;3 a(2"-1)

i bC

3 E(X) = "5 a

| "2

; i mn [, m- 1 ]

; ar(X) = 4| o"-1

| | : Ilustration 7.23 : The probability of obtaining a 6 with a biageq 1 . |

] ’ p, 0 < p < 1. Three players A, B and C roll this die in order, startin ed file is |
| The first to throw a 6 with the die wins. Find the probability of Winnfn With 4. dfff
{ B and C. glory | &

the

If X is a random variable represents the number of the throw at v, |
the game end then, evaluate E(X) and Var (X). ich ’ of

| s
Solution : Probability that A will win = p + g°p + ¢% + .= —E_ {
1~q3 |
Probability that B will win = gp + g*p+q” p+ ... (as B is the second o
start with) .
__r "-
1 —-q3
2
Probability that C will win = -F1—
1- q ‘ by
Also, P X=rl=¢"'pr=12, .. :
¢ o]
So, E[X]= D, I-PIX=7]
r=1
=p+2p+3¢°p+ .= e
(1-9?% P

E[XY =Y. rAPX=1]
r=1
=1p +22 pq + 32 pg* +
=p[1+22q+32 g%+ ]
p(l+q) _1+q
(1 -—q)3 ) pz
So, V(X) = g/p>.




