CHAPTER 6
- Random Variables and

Probability Functions

6.1 INTRODUCTION

The chapter starts with a discussion on random variable, the first step towards
petter understanding of probability distribution. In subsequent section we use
atrio (Q, A, P (*)) called probability space where Q represents the sample
space associated with a random experiment. A represents the collection of all
possible subsets of A and P () is the probability that is associated with A.

6.2 RANDOM VARIABLE

All the experiments that are performed can be classified into two broad
divisions, viz., random experiments and deterministic experiments.
Deterministic experiments are those experiments in which the outcome of the
experiment remains same whenever it is performed indefinitely under constant
conditions. But is case of a random experiment, the outcomes cannot be
predicted with certainity if the experiment performed indefinitely under
constant condition; although all its possible outcomes can be descr ibed
completely. Here the experimenter may know the set of all possible outcomes
of the random experiment (usually denoted by ), but cannot say with certainuty
which outcome will occur when, if the experiment is performed.

The sample space of random experiment is a pair (€, A), where.Q is the
setof all possible outcomes of the experiment; in other words, (2= {w}isanon-
eMpty set, whose elements w are interpreted as mutually exclusive outcomes
o the random events; and A is a collection of subsets of the set Q2 called the
€vents (the set of A is assumed to contain Q and to be closed with l‘t‘SP*"\‘F to
"M 0pposite event or a sum of events in not more thana countable number, L.¢.,
Alsa 0-algebra). The pair (Q2, A) is the sample space of a ran]dL?N‘t“\}"j"“i‘:::‘:‘li:
Przeb;{;:ﬂf;ﬁ? Pis -c‘;le‘fined on A is called the probability measute RO SR

it satisfies
l LP(A)20, forall A e A
2P(Q) =
bior s Adehy oA fi= 1, 2, REE disjoint 5¢
l ]# k. hen
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The triple (Q, A, P) is called the probability space or sample space, The |
elements of Q2 are called sample points and any set A € A is called an even |
Each one-point set is known as a simple or an elementary event ang P(A) '
called the probability of the event A.

Let (@, A) be a sample space. A finite, single-valued function which
maps Q into R is called a random variable (7o) if the inverse images undery
of all Borel sets in R are events.

Suppose x € R, and consider the semi-closed interval (- o, X). Since (- w,
X) € B, it follows that if X is an rv, then X! (= o0, x) = {X(w) < x} is an eventig
A. Thus X is a 7 if and only if for each x € R

X1 (=, x) = [(Xw)<x) e A

Now the rv is defined as follows :

Definition : A random variable is a real-valued function of a simple
event X = X(w), w € Q for which the set {w: X(w) < x belongs to A for any real
X (re., is an event) and for which the probability P(w : X(w) < x) is defined.

The probability P(X <x) is called a distribution function of the 1o X.

Example 1. Let Q = {H, T} and A be the class of all subsets of Q. Define
Xby X(H) = 1, x(T) = 0. Then

is |

d, if x <0;
X~ x)= {{T}, if0<x<;
(H,T), fl1<x.
Thus X is an rv.
Example 2. Let Q = (HHH, HHT, HTH, HTT, THH, THT, TTH, TTT

and A be the class of all subsels of Q. Define X by X(w) = number of H's in -

Then X(HHH) = 3, X(HHT, HTH, THH) = 2, X(TTH, THT, HTT) = 1, aad
X(TTT) =0,

(¢, ifx<0;
[TTT), fo<x<l;

X1 (~ o, x) = {{TTT, TTH, THT, HTT), iflsa<?;
{TTT,HHT, HTH, THIH]) f2<x<
§2 3Lk

Thus X is an v,

6.3 TYPES OF RANDOM VARIABLE

There are two types of random variables
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ando"™
) Discrete random variable (b) Continuous random variable

@ piscrete random variable : If. a random variable X assumes only
ginite number or countably infinite number of values, then it is called
a discrete random variable. The random variable X is said to take
finite values only if the possible values of X are Xiy Xy ver X and is
said to be countably infinite if X takes the values Xz Ky 55 "

Example : Number of fruits that fall from a tree every morning.

) Continuous'randqm variable : A random variable assumes any value
within a given interval, then it is called a continuous random
variable. In other words, if a random variable can take infinite
aumber of values within a given interval, a < x < b (say), then it is
called a continuous random variable.

Example : The heights of the persons collected from a crowd.

-4 PROBABILITY DISTRIBUTION

The distribution obtained by taking the possible values of a random variable
together with their respective probabilities is called a probability distribution.
A probability distribution can be presented either with the help of a function
o in tabular form where values of the random variable and corresponding
probabilities are shown. The probability distribution for a discrete random
variable is called discrete probability distribution and that of a continuous
random variable is called continuous probability distribution.

6.5 DISCRETE PROBABILITY DISTRIBUTION

Let X be a discrete random variable which takes the value x;, x,, ... with
fespective probabilities p,, p,, -.. - Then the numbers {p,} satisfying

P{X=x}=p, A 0P

o0
forall i ang Z Pi =1is called the probability mass function (pnf) of the rv X

=1
The distribution function F of x is given by
F(x)= P{X=x)
= Z (|)i
.\‘,‘5,\‘

R _ . : o
represe"a'mple : Let us consider the experiment of throwing a die. If X
the ’valums the face value which turns up when a die is thrown. Then X takes

¢s1,2,3,4,5 and 6 each having probability 1/6. This canbe written as

P(X:x):1/6,[:01-1’::],2,3,4,5'ﬂnd().
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6.6 CONTINUOUS PROBABILITY DISTRIBUTION

The probability distribution of a continuous random varia

the functional notation f(), is called the probability density function (pdf) o
simply the density function. A probability density function is constructeq j,
such a way that the area under its curve bounded by the X-axis is 1, When
computed over the entire range of X. In case of a continuous random Variab|e
it is not possible to find the probability of the distribution at a Particular pojp,

but one can find the value of the function between two points X = x, and x .
X, (say). In the figure below the probability that X lies between %, and x, jg
given by the shaded area under the curve ¥ =f(x) lying bet

ween the ordingfeg
X=x and X = X,, i.e., probability that X assumes a value between X and x, <
P(x; <X < X,)

ble X is defineq

X,
= [ fvax
Y X,
y =1(x)

Fig. 6.1.
If F, the distribution function of the rv X, is

absolutely continuous and f
is continuous at x, we have

dF(x)
F)= —— =fx)
Ilustration 6.1 : A discrete random variable X is defined as follows :
X 0 a2l 2 3 +
PX=x) : K 3K 0.2 K 2K + 0.1

Find the following
() the value of K (if) find the probability distribution (iii) P(X>2).

Solution ; (/) We know that for a discrete random variable the
probability mass function is such that

D P(X=x)=1

Thus we have,

P(X = 0) + P(X =1) + P(X = 2) + P(X = 3) + P(X = 4) = 1
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F{a"dom
K+3K+02+K+ (2K +0.1) =1
2 7K+03 =1
- K =07/7=0.1.
(i) S0 the probability d?stribution becomes : 7
X : 0 1 ) 3 4
px=x : 01 0.3 02 0.1 03

iy POX>2) =PX=3) + P (X=4)=0.1+03 =04
[llustration 6.2 : A random variable X takes values 0, 1, 2, ... with
: 1Y
probability proportional to (x +1) (g) . Find the probability that X < 5.

K(x+1
golution : Here P[X = x] = %

a 2K (x+1
Since, ZP(X=X) =1= Z%=l =i (1+—2—+%+ ) =1
x=0 x=0 5 5

-2
1 25 1
= K(l'——) :1 S K*]:—“:>K=—'-6—

B 16 25
So,
16 (x+1)
=xle— =, 2
P[X = x] 5 5 &
Now,

P [X <5] = P[X=0] + P[X=1]+ .t P[X = 5].

= l6—[1-+12—‘+%+... +—65—] =507,
25 9. B 5
Nlustration 6.3 : If f(x) = 2x when 0 < x <1 and = 0, otherw

the probability that,

ise. Find

; N e oped &g
(1)X<E (11)Z<X<—?: (zzz)X>4:g1\/enX>2

Solution :

3 2xddx
P(X i ) 3/I4, 7/16)_7

iii 3 1 4) 3/4 . -3l e
(iii) p [X>ZX>§:\:M—TE— 1 (3/4) 12
P(X > é) 2xdx
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llustration 6.4 : A biased coin is tossed three times, with P(y
3 and P(T) = 1/3. Let the random variable X represents the Number of heag,
produced in three tosses of the said coin. Find the CDF of X and Plot the g,

Solution : The all possible points of the rand

)22/

Om experiment ajop,, .. .

the values of the random variable and their probabilities are tabulateqd be]:xh.
Sample Point Value of X = x P(X J
HHH 3 8/27
HHT 2 4727
HTH 2 L7927
THH 2 4/2F
HIT 1 2/27
THT 1 2/27
TTH 1 2/27
TTT 0 1/27
So, Bx) =0 forx<0
1
= 5 forx<1
g
= 5 forx <2
21
= 5 forx <3
= 1 forx>3

The graphical representation of the corresponding CDF is as follows.

Te

[
21/27

?-—__]
|
|

F |

x) 927t o——ud

1/27 o—
e —— |

- e
ol 1 2 3
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variables

RIBUTION FUNCTION

One-dimensional random variable. The function F defined for all

pafl

5-7 DlST

ed .
Let1>t( l};y the equation ,
ol Fy () = P[X <]

Jled a5 the distribution function or cumulative distribution function of X.
is ca

erties Of ‘Distribution Function’

proP
() Pl <X = b) = F(b) — F(a) provided b > a.

(a<Xsb)u(X$a)= (X<Dh)

5 Pla<X<b) +P(X<a)= P(X < b)
P(a<xsb) = P(X <b) —-P(X <a) = F(b)-F(a).
(ii)og_F(x)Sl\?’xeR

We have,

: F(x) = P(X < x)

probability measure lies between 0and 1, ie.,
0sPX=x)=1 :

But we know, the

> 0<F) <1
(iti) F(x) < F(y) if x =y
We have,
F(y) - F(x) = P[x < X< ¥]
But Plx<X<ylz0
%, F(y) - F(x) 2 0 —~  F)=2F®

(iv) F(- ) = 0 and F(e0) = 1.
Let {x_} be any decreasing sequence suc

_ Then, the sequence of intervals, viz., {I-
of intervals and

h that lim x,, = — .
o, x,[}is a decreasing sequence

o0
S0, lim ]-o,x,] = ﬂ {”°°rxn} = ¢
n—>® n=1
Hence,
lim ]~ _ L
P(,f_‘?:o] “'xnl) = P(§) =0

lim F(x)=0 = Fu%;%)=FG«0=a
n i
n—»o0 ‘ |
Now, let (x,} be an increasing sequence of real numbers such that limx,, |
innte en, the sequence of intervals, viz., (-, x|} is an increasing sequence ¥
l'Vals a
1 nd
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oo

lim (-0, 3,1} = U=} Jp o0

n—0 n=1

P [lim ]-—OO,x,,]] =P(Q) =1.

H—>c0

or lim Brde=1 — P (Iim xrz) =F(+o)=1

11— H—co

(@) Lm F(t) = F(a)
t—a+

hthat x >, ang
lim X, = a. Then the sequence of intervals, viz., {]- oo, -1

Let {x,} be a decreasing sequence of rea] numbers sy
lis a decreasing
Sequence of intervals and so,

lim ]—oo,x”] - ﬂ {]—Oo,x”]} :]ﬁ..w’a]
n—c0 b

P {lim J=og ]] =P (]-o,a]) = P[X<aq] = F(a)

nN—o0
or lim P(]- o, x,]) = F(a)
n—w :
Le., lim F(x,) = F(a)
H—w

= F(a+) = F(a)

Thus, F is continuoys from right.

Hlustration 6.5 : The distribution function F of 4 continuous variable
Xs given by

3(3-x)2 1
—.1 . :\
25 ,2S\<\
=1,x23,

Find the pdf of X, and evaly
Fand f.

Solution : The distribution function,

ale P(IX| < 1) and P (—%- sX< 4), using both

A

. : . 0,
F' is not differentiable at x =0

1
X = pi¥= 3 while for the olher Poinls we have,
JX) =0, x<00rys 3,

|
m 2 0<xq=
1<2
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' 1
=6(3—x)/25,—2— <Xx<3.

1
atx=0,5 3 we are free to choose f(0), f (%) and f(3) arbitrarily.

| 3
s 0=01(3) =3 i
o ol |
Then we have, f=2x0=x< i

=6(x—3‘)/25,%gs3

=0, elsewhere, .

| 1/2 1

Thus, we have, P [lXI = 1] =P [-1=X<1]= J. 2xdx + J —(3 —x)dx
' 1/2
B N
4 100 100
1/2 3

mmPESX<{] jfﬁﬂl—j%ﬂﬂxr—ﬁ @m——

1/3 1/3 1/2

Again P(]X| €1) =P (-1 <X <1) =F(1) = F(-1)
3 3] 183
=[1—-55(3-1) }—0_25

T a8
a“dp(3<x<4) =F@) 2 F(1/3)=1-575

lllustration 6.6. Let X;, X, ... be ihdependent and identically
JLK=1,

distributed random variables distributed as X where, P[X =k] = ST

2.

Find P [X > n] for infinitely many 1.
Solution : Given that,

[1AS, 1983]

K
P [X = K] = 7K1

Now, X <) = P(X = 0) + P(X = 1) + P(X = 2) ot PX == 1)

1.3 3, Jhn-l

=0+ 22 53 24 oM

P[X >n]=1-P[X <] |
] 2 3 _n-1

- E AT
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n-1 ,
1= Z yn+l
n=1

Hlustration 6.7 : For each of the following functions, ver;
is a distribution function or not. In case of distribution
corresponding probability mass/density function.

0] F(x)=0forx<0
=xforO<x<1
=1forx>1
(11) F(x)=0forx <2
=075 forx =2
. il forx>2; [1AS, 193]
Solution : We have the following properties for a distribution function.
(@) If F is the distribution function of the r.v X and if a < b then
P (a <x <b) = F(b) - F(a)
(b) If Fis the distribution function of one dimensional r.v X, then
(N0<Fx)<1 (1) F(x) <F(y) if x < y.
(c) If Fis the d.f. of one dimensional r.v. X, then
F(- o) = lim F(x) =0

X—o©

F(c0) = lim F(x) = 1.

function fi"detrhit
e

(1) For x < 1, the events ‘0 < X < 1’ and X < 0’ are disjoint and their
union is the event ‘X < 1’. Hence by addition theorem of probability

PO<X<1)+P(X<0)=P(X<1)
— : PO<X=<1)=P(X<1)-P(X<0)
= F(1) - F(0)
*, 1st property is satisfied.
Again, we see that the given function, lies between 0 and 1.
7. 2nd property is satisfied,
And lim F(x)=0, lim F(x) =1

X—r—wn X =p 00
~» 3rd property is satisfied,
Hence F(x) is a distribution function we observe that F(x) is ¢t
atx=0and 2+ 1.

Vot

q 0, x<0
Now, g;l*(x): l,0<x<]
0,x21

= fx) (say)
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In order that F(x) is a distribution function, fix) must be a pdf. Thus we
pave 0 show that
j flx)dx =1
—c0
< 0 1 0
Now, __[of(x)dx = J' f(x)dx +f f(x)dx +I f(x)dx
-0 0 1

il

. —o0

0 1 0
J 0.dx +J 1.dx +J 0.dx
0 1

= =0+ [x]é +0
=1.
Hence F(x) is a disribution function.
(if) In order that F(x) is a distribution function f(x) must be pdf.

p 0, a<2
We have fx) = I Fl) =30, =0
0, x>1

T f(x)dx #1

_Hence F(x) is not a distribution function because for a distribution
function, the total of pdf must be equal to 1.

Hlustration 6.8 : Suppose that the amount of money that a person

\;as s‘ave:d may be regarded as a r.v. with a probability function specified by
¢ distribution function F(x) as, |

1
F(x):a ®4 for x <0

1
=1_§ ~X/40 for x 20
(@) Find the pdf
(b)

% What is the probability that the savings made by the man would be
/!

>40 (i) < 40 (777) between — 40 and + 40
®lution ; (a) If f(n) is the pdf, then we have

L
fix) = i F(x)

< [l eex/tll)]
dx 2




142

y
1 ¢~x/40

—_——

2'-1720 =~ 209, 5 <

d
@) = —— Fy)

L i[l R
dx 2

1 8—1/40

2 -1/40
: = 2040 5
(b) The probability that the savings made b

y the man woulg be >4
P(x>40)=1—P(Xs40)

=1-F(40)
A T [1 _18—40/40}
2
_ 1 40740 ek
2 2e
The probability that the savings made by man would be <40
P (X < 40) = F40) |
~1-1 40740 oy P
2 2e
(i1i) The probability that the savings made by the man would be between
—40 and + 40 is,

P(- 40 < X < 40) = F(40) - F(- 40)

_1-L 4000 1 £40/40
S R 2

1 1 e
T Bgr 2

lllustration 6.9 : A pdf is defined as follows :

Ay) =ky?, if 0 < <3

=0, elsewhere
(a) Find k (b) Find the corresponding CDF

Solution : We have, for (olal probability

ff(y)ri_l/ = 1.

(78]

0 3 :
J +[ fpdy + [ fnay = b1
LA )

3
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3
2
? 0
3
3
k.‘J_s_ -1
’ 0
k
— [27 -0] =
2 3[ 0]=1
15
o
s 9
i
IO CLE o
0, otherwise

The corresponding CDF is given by
F(Y)=P(Y<y)
y .2

- Ly

—o0

2
dy

1
L R S
o “1‘

5 1Y

Yy

—_ —

3
27

O |
w.\“-"-

0 .

Mlustration 6.10 : A communication system consists of 1 components
each of which will 'mdependently function with probablhty p.The t(t)taﬁ Sny«sttgﬁl
will be able to operate effectively if atleast one half of the componetn fo ;C ;1 Veh;
For what value of p is a 5 component system more Jikely to operate 3

than a 3-component system?
Solution : Here X ~ B(1, P)

p(x) = ey P '
= 0; otherwis€

Given that the total system will be able to Oper

e half of the components function- e X
able to operale offectively if atleast 5

n-x: x =0, 1,2, vl

ate effectively if atleast

" For 5 component systemn, will be

=25 Z3of the COmpOnents func[ion_ : R
P(X23)= 5C,. p3. q2 +9Cy plogt Cs ;;
= g 10p°(1 -+ spt (1-p)+P
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And for 3 component system will be able to OPerate effocy;, 1
Cly |

= 1.5~ 2 of the components function. ; ey

W

P(X22)=3C,. p? (1 -p) + p3

=3 (1-p) +p?
~. O component system is more likel
component system if,

0P (1=p? +5p (L =p) + PP >3 p2 (1 - p) 4 1
10p°1-pP +5 (1 -p) =32 (1-p) - p> (1= 12 »
A-p{I0p (L-p) +5p*-3p2 -3 (1 + n)} > 0
1-p){10p° - 10 p* + 5p* - 3p2 - p3 — 14} 5 0
(1-p)(-6p*+9p>-3p) >0

1-p)(=3p%) (2p?-3p+1)>0

1-p) 3P @p-1)(p-1)>0
3p*(p-12(2p-1)>0

y to operate effectively thy ’
nj3

I R A

U

1
p>5 (v p*0and p#1)

INustration 6.11 : Do the following function define distribution
function '
Fa)y=0;x<—a

272
s=l=+d ;gL x <y
2\a

=1,x>a
Solution : The pdf is given by

d
fix) = 2 F®)

1

—, —a=sx<a
=42n

0, otherwise

']
Now we are to prove that j fx)dx=1

-

S0, j f(x)dx=1

So, I Fx)dx = j *215 dx

=




es and Probability Functions

o Variabl
145

pa"

1 |2
__2—ax

=a

i
Fhsatal

d A
pdf and therefore F(x) is the distribution function of f(x)
of f(x).

f(x) js a
Illustration 6.12 : Consider the distributi
F,(x)= 0 i 1stnbu:clojofunctions,
= 1 :
if
Fy(x)= 0 i ;C i 3
: ;: if O<x<1
" if o]
Define the function F by, s

1 1
fy=.= =
ghow that Fis also a distribution functi )
+ discrete or continuous? on. Is the corresponding random

variab!
Solution : Given that -
F(x)= 0 if x <0
=] if >0
and Fy(x)= 0 if ¥ 20
=% if Dca<d
= 1 if ¥zl
F,(x) and F,(x) can be written as
Fx)=0 if x<0 and F)=0 if x<0
=T e =0 it =0
ST e =X if  0<x<l
= 4 4f - xzl =1 if x=21
= ](x)+—2-F2(x)
= ) if x<0
1
_—_—2— [f X:O
o b B if Dex<l
s
:l-]-lzl i{ .'\'21
S

hich is degenerate
random Vv ariable.
continuous -V

Which : :
IChF]S th_e distribution function.
= Olzgi)dls the c'listribu tion function of the discrete LV, X, \'\"
refor *F2(’f) is the distribution function gf the CO}TELTH}O.W
1 € F(x) is mixture distribution function of discrete and
lustration 6.13. The pdf of random variable X is given by.
fi) = 2%, o<x<l
= L, otherwise:

Fi
nd the pdf of y = 3x.

aty
The
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Solution : Let g(y) represents the pdf of Y, and let G(y) 1 i
corresponding CDF.

So G(y)= P(Y<y) =P[3X <y] |
|
- P[X < %] |
| y/3 2 y/3 y2 | ‘l
2 9
0 0
Thus Gy =0, y<0
2
= %, 0<y<3(as, y=3x)
=1, Y =3,
Hence, the corrosponding pdf is given by,
2
s = 3, 0<y<3
=0, otherwise.

Theorem : If X is any continuous random variable and Y = h(x), be any
strictly increasing or decreasing function, then, the density function of Y is
given by,

8 = fx)/ Gl = £t () / [ (71 (y)) |
where, f(x) is the density function of X.
Proof : Let F(x)

and G(y) be the cumulative distribution function of X
and Y respectively. So

s

X Y
Fx)= | f(u)du and Gy = [g(v)do

Also, if y = h(x) is an increasing function then,
F(x) = Plx <x]
= Pl (y) < x]
= Ply <h ()] = G(h(x)) = G(y)
Again if y = h(x) is a d ecreasing function, then,
1-Fx) = I -P[X <x]
Now, irrespective of the nature of the fu

netion H(x), we would have,
8(y) = G'(y)
= F‘I @ hl(x)
| 1
fix) ' (x)
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= 51 (AT 1
- ﬂh (y)] _I*_—r—-
h (h (y))
:on 6.14 : If X is a rando i ; :
gstrationt m variable witl , :
1sigflfuhction of Y =aX +b. ' pdf fx), what is the
ge Soluﬁon : Here, Y =aX + b, So h(X).: ax + b = V.
— ﬂ é‘.’\; — 1 — ,_b
> ® P 50, dy‘arhl(y)=x=y—a—andh’(x)=a
Ly 1
Thus, g@/) = f (h (y))/ _-———1—*
(! ()
= f[ﬂ] el {RE f(lf;bJ
a a a a
[lustration 6.15 : A random variable X has pdf
1
f(x) = —2" 4 e | :
= Ox otherwise

Find the pdf of e™.
Solution : Let Y = €. So, x = —log ¥

Also, ﬂ = fiaiht

dy| ' Y
NOW,XZ]. :>—]0gy21 % logyﬁ—'l
Syzel B s
Hence,

1 ol

g(y) = f(-logy) 7’ 0<ysSc

= g 0<ys ¢!

2 /
" y(logy)
red density function,

ad



